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Waypoint Tracking for Fixed-Wing Unmanned Aircraft Under
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Abstract: This paper investigates the waypoint tracking and the finite-time (FINT) attitude control problems of six-
degree-of-freedom fixed-wing unmanned aircraft subject to asymmetric input saturation (AIS), angular velocity
constraints, and external disturbances. First, an attitude error that describes the difference between the ballistic frame
and the desired frame is defined, such that the flight direction in the inertial frame can be regulated by integrating attitude
control method, thereby achieving waypoint tracking. Second, we propose a smooth AlIS model to handle the AIS
problem and a nonlinear mapping function to address the angular velocity constraints. These approaches yield a
constraint-free system and reduce the mixed-constraint problem to ensuring the boundedness of all signals. Then, by
using the backstepping method, the robust adaptive control technique, and an introduced FINT disturbance observer, a
FINT control law is designed to regulate the actual flight direction of the aircraft. The FINT convergence of the attitude
and airspeed tracking errors is guaranteed using the Lyapunov theory. Finally, numerical simulation is conducted to

validate the effectiveness of the proposed control law.

Keywords: Asymmetric input saturation, constrained angular velocity, fixed-wing unmanned aircraft, finite-time
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1. INTRODUCTION

Due to the multifunctional capabilities of fixed-wing
unmanned aircraft (FW UA), guidance and control
problem for UA has been a subject of considerable
concern from both the academic and industrial
communities in  recent decades [1-5]. For
underactuated systems, including FW UA, it is
extremely challenging in practical scenarios to develop
guidance methods that enable them to track
designated trajectories. In contrast, waypoint tracking is
a more effective guidance scheme that requires fewer
computational resources and has significant practical
value [6]. By appropriately designating waypoints,
different types of underactuated vehicles are able to
carry out diverse operational tasks, including object
detection, target ftracking, and aerial/underwater
photography. As a result, waypoint guidance for
unmanned systems has attracted considerable
research interest; however, only a few waypoint
guidance designs exist for FW UA [7-11]. It is
noticeable that the outputs of the actuators of a six-
dgree-of-freedom (6-DOF) FW UA always encounter
magnitude saturation constraints resulted from the
limited performance of actuation components [12, 13].

The issue of input magnitude saturation presents
widely in numerous practical physical systems [14].
Anti-saturation control approaches for different types of
aerospace vehicles such that has received enormous
research interests. In [15-20], the saturation functions,
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hyperbolic tangent functions, and saturation models
that are affine in model inputs were employed to
capture the input saturation property and hence the
input signals can not violate the magnitude restrictions.
However, the symmetric input saturation models
cannot be directly implemented to describe the
asymmetric input saturation (AIS) characteristic. Some
works were put forward to counter the AIS constraints
using AIS models that are non-affine in the model
inputs [16, 21-24], which introduces additional
complexity for control design. For FW UA, the AIS
constraint generally refers to the amplitude limits
applied to the thrust upper bounded by a positive
constant depending on engine performance and lower
bounded by the idle thrust. Efforts have been made to
overcome the AIS constraints applied to the thrust
components of UA, using saturation functions [16, 24].
It is noteworthy that actuation components for the
rotational subsystem can also facing the AIS problem.
For instance, control surfaces can jam at a non-neutral
position due to impact, wear, or foreign object debris
such that the maximum upward deflection might be
decreased. Obviously, the outputs of actuators still
cannot follow the designed control input signals under
the AIS fault, which leads to severe degradation of
control performance. Hence, it is desirable to derive an
anti-AlS fault control method for FW UA. However, the
AIS constraint applied to the control surfaces of FW UA
has been investigated by few literature. Nevertheless,
little attention has been paid to the problem of angular
velocity constraints [14, 25, 26].

The issue of constrained angular velocity, meaning
the amplitude restrictions on rotating rate of the aircraft
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body, is also critical for FW UA control [25]. A FW UA
may be subject to angular velocity constraint resulting
from concerns regarding the structural strength of the
fuselage or the particular requisites of the mission [14,
27]. Hence, it is of great significance to deal with the
problem of constrained angular velocity. Research
efforts have been dedicated to solving the control
problem for state-constrained systems in recent years
and most solutions utilized the following methods: the
model predictive control method (MPC), the barrier
Lyapunov functions (BLFs), and the nonlinear mapping
functions (NMFs) [14, 15, 19, 25, 26, 28-31]. In [29],
based on MPC and control allocation methods, a
nonlinear control scheme was designed for a class of
tilt-rotor vertical takeoff and landing aircraft. The
proposed control method ensured the stability of the
attitude error under symmetric attitude and velocity
constraints. In [30], a dynamic model for a tilt-rotor UA
was established and a trajectory-tracking control law
using the MPC method was designed to ensure that
the constrained states never violate the specified
constraint range during flight. However, the MPC
approach places significant demands on onboard
computational resources especially when there are
several constraint conditions [25]. To this end, some
works have implemented the BLFs to tackle the issue
of state constraints for aircraft [25, 31]. Nevertheless,
the BLF method introduces considerable additional
complexity in control law design [32]. In contrast, NMFs
map constrained states onto the real number set,
thereby transforming the state constraint problem into
ensuring the boundedness of the transformed signals.
Since the NMF method can significantly simplify the
control law design process while ensuring that
constraints are not violated, numerous control
algorithms based on this method have been proposed.
Studies such as [14, 15, 19, 26, 28] proposed control
methods for hypersonic vehicles, quadrotors,
spacecraft, and FW UA swarms with state constraints
based on the NMF approach. However, the NMFs
presented in [14, 15, 19, 26, 28] can not be directly
applied to the airspeed constraint problem, as it suffers
from asymmetric magnitude restrictions. Besides, only
part of the above works have achieved the finite-time
(FINT) convergence, implying that the converge time is
infinite [19, 28].

It is advantageous to deploy a FINT control
algorithm for a dynamic system since it provides
improved disturbance rejection capability and more
precise steady-state performance [19, 28]. In the past
few decades, researchers have put forward numerous
FINT control approaches [17, 27, 31, 33]. FINT attitude
control approaches for aircraft have been proposed in

recent years; however, few attention has been paid to
the attitude control problem for FW UA with angular
velocity and AIS constraints taking effect
simultaneously. Therefore, it is desirable to derive an
advanced FINT attitude control method for FW UA
under multiple constraints, which motivates the control
algorithm presented in this paper.

This work studies the waypoint tracking problem for
6-DOF FW UA under the aforementioned constraints.
The innovations and contributions are stated as
follows.

. By applying the unit quaternion to describe the
attitude of the 6-DOF FW UA, the problem of
gimbal lock— unaddressed in [16, 18, 27]- is
effectively avoided.

. The constraints imposed on the actuators and
the angular velocity are explicitly considered and
addressed through a developed smooth first-
order AIS model affine in the model input and an
NMF. This feature has not been addressed by
most existing FW UA control methods [14, 16,
19, 20, 27, 31, 33, 34]. Besides, the AIS model
can be deployed to other classes of dynamic
systems that are subject to AIS.

. Different from the studies that focus on
stabilizing attitude tracking errors in the body-
fixed or wind coordinate systems [16, 18, 27, 35],
this work proposes an attitude control approach
for the ballistic coordinate system of the FW UA
via a novel defined attitude error, which means
the direction of motion in the inertia frame can be
regulated. Then, the waypoint tracking mission
for the underactuated UA subject to multiple
constraints, external disturbances, and unknown
composite wind can be accomplished.

The remainder of this article are organized as
follows. Section 2 provides needed preliminaries, brief
description of the dynamics of the aircraft, and problem
statement. Section 3 describes the FINT attitude
control design for the UA and stability analysis.
Simulation results are put forward in Section 4,
followed by conclusions in Section 5.

2. PRELIMINARIES
2.1. Notations

Throughout this article, the following notations will
be used. F", F’, F”, and F" respectively represent
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the inertial frame, the body-fixed frame, the ballistic
frame, and the wind frame of a 6-DOF FW UA. The
induced norm of a matrix or the Euclidean norm of a

vector is denoted by |[||. Given w€&R’, &)
represents the cross-product operator. © denotes the
quaternion multiplication. For w €R" and a positive

number B, denote w’=col(w!, -, w’), where
col(w,, -+, w,) = [wl,u-,w" ]T ) Let
sig “(w) =col(sig “(@,),...,sig (1)), where

sig “(x) =l x 1" sign(x) for ¢ €(0,1), and sign(-) denotes
the signum function with sign(0)=0. I, refers to the
nxn identity matrix. R* represents the set of positive

real numbers. 4, () refers to the maximum
eigenvalue and 4, () denotes the minimum
eigenvalue of a matrix, respectively.
2.2. Necessary Lemmas

Consider the following system:
X=f(x,1), fO,)=0, x(0)=x,, xEUCR", (1)

where the nonlinear function f:UxR*—R" is

continuous in an open neighborhood U of the origin
x=0.

Definition 1 [36] If there exists an open
neighborhood of the origin U, CU and a function
Z(x,):U,\{0} —(0,0) such that, for all x, €U,, the
solution s(t,x,) EU,\{0} exists for rE€[0,$(x,)) and
satisfies
lim s(7,x,)=0,
tﬂf(xo)
then Z(x,) is called the settling time, and the zero

solution of system (1) is said to be locally FINT
convergent. If the zero solution of system (1) is FINT
convergent, the set of all x, such that s(t,x,)—=0 is

called the domain of attraction of the solution.
Furthermore, if U=U,=R", then the zero solution of
the system is globally FINT stable.

Lemma 1 [35, 37] Consider a Lyapunov function
V(x,t) defined on U xR", where U, CUCR" is a
neighborhood of the origin, and suppose that

V(x,t)==IV(x,t)=kV(x,t), Vx€U,\{0}, (2)

where [,k>0 and 0<a<1. Then, the origin of system
(1) is locally FINT stable. For x(z,) EU,, the settling
time satisfies

T (1)< — 1n(kvl_a(x0)”).

= k(-a) !

Lemma 2 [38] For o, €R(i=1,2,..,m) and
0 <y <1, the following inequality holds:

m v m
PICAIIENEA S
i=1 i=1

Lemma 3 [27] For y&(0,1) and any w €R , define
the function sigM (w,y) as

sig’(w)+sign(@)(k+(y=1)8"), 1w >3,

sigM (w,y) =

yd"'w+ksin(§%), lwl< 6,

where sig’(w) =lw ' sign(w) and the parameters 6 >0
and k>0 satisfy k>(1-y)0". Then, the following
inequality holds:

w(sigy(w)—sigM(w,y)) <&, (3)
For the vector w =col(w,,@,,...,w,) ER", define

sigM (w ,y) =col(sigM (w,,7),...,5igM (w, 7)),

and

sig"(w) =col(sig"(w,),sig"(®@,),....sig"(@,)).

Lemma 4 [39] The following inequality holds for any
t>0 and forany ® €R

0 s|q5|—d>tanh(k5(p)5L,
L

where k,  is a constant that satisfies ks=e7(k“‘”), i.e.,
k, =0.2785.

Remark 1 for any & =col(®,,....®@,) ER", by using
Lemma 4, the following inequality holds:

n

||(I)H_q)tanh(nk—sq)) < 2(| D, |-, tanh(nkf(pi )) = (4)
t L

i=1

Lemma 5 [40] For any real variables z, a and
u>0, v>0, and ¢>0, the following inequality holds:

n | v u v v
a +

M
S|Z —e& Yo
u+v u+v
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2.3. Dynamics of the 6-DOF FW UA

Before presenting the dynamics of the FW UA
under consideration, several necessary assumptions
are made to simplify the analysis of the flight process.

Assumption 1 The motion of the aircraft is
assumed to satisfy the following conditions:

1. The aircraft mass is considered constant;

2. The FW UA is considered as a rigid body, and
elastic motions of its structure caused by
external forces during flight are neglected;

3. The UA operates within a certain altitude range,
such that variations in gravitational acceleration
are neglected.

/(1 The hody-fixed frame F? g

Figure 1: Coordinate systems of the FW UA.

The dynamics of the considered 6-DOF FW UA can
be described by [7, 41]

I-)n - szb
v=Le s LR R — S0l v 4 d,
m m

. 1
qnb = Eqnb OCOl(O’w:b)

Jab, =-6(w}))Jo!, +f(a,p)-Dwl, + By, +d,  (5)

where p" is the position vector of the FW UA,

n
wind

v'=Rjv!+v" . is the ground velocity vector of the

center of mass, vf =col(u,v,w) represents the airspeed

n
wind ?

the mass, f,, =col(y,,0,0) is the thrust vector with y,

of the body frame relative the wind vector v m is
being the thrust, and f =c0l(0,0,g) is the gravity vector
where g is the gravitational acceleration. For the
rotational subsystem, ¢, is the unit quaternion which

is utilized to parameterize the orientation of the FW UA,
w!, =col(p,q,r) denotes the angular velocity of F”

relative to F" referenced in F”, J is the moment of
inertia, x, =col(x,.x..x,) ER’ denotes the deflection
of control surfaces, and d, and d,, respectively denote

the bounded unknown external disturbances applied to
the position and attitude subsystem. The matrix R’
denotes the rotation matrix formed as

R, =1,+24,,0q,, +24,,4,,
The rotation matrix from body to wind is defined as

cacf s sacP

R = —casf cf -sasf

—-sa 0 ca

where c¢() and s() denote cos() and sin(-),
respectively, and the attack angle o and sideslip angle

p are respectively defined by a:arctan(z) and
u

ﬁ:arcsin(i), where V, is the airspeed defined as

a

V, = vf_’| . The aerodynamic forces and moments are
defined as

_CD
£ :%PSWVHZ P

_CL

CL_CL .

C, =CD0+CDWX9+CD”Xr+ Ak

b
2V

a

C, = Cyﬁ/a’ +Cy %+ (Cypp +Cy 1)

c .
€, =C, +CLaa+CLmX<'+2_Va(chq+CLda)
b(C,p)
cc, +C, a

f(ct.f) =1 ps, V>
2 b(C,,B)

The matrices © and B are respectively defined by
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b’ b’
A 1 0 A 1
2V, 2v,
—2
c
0 —C 0
D=-0S, A
2 2
b—C,, 0 b :
2V, 2V,
QS wbcl‘m 0 QwaCI‘rr
~ 0 Qs,eC, . 0
| 08,6C,, O 0ShC,

where Q=%pr and the details of C,, are shown in
Section 4.

By differentiating the airspeed V, along time, one
deduces the translational subsystem as

bT

P T e ben

v, =7(;fTh +Ewaa +R f))+d, (6)
vbT

where d,=—--d €R is the bounded unknown

a

disturbance applied to the translational subsystem.

Assumption 2 The disturbances d, and d,,

together with their first derivatives, are unknown but
bounded.

Assumption 3 Due to the constraints on UA
velocities and control inputs, it is assumed that there
exist known constants p, >0, p,>0, q,>0,

q,>0, r,>0, r,>0, x, >0, and yx, (with
Xm=005x,,>0 when j=T and x, <0 when
j=a,er), such that
-p,, <P<P,, —-94,<9<q,, -I,<r<r,, and

Xim <X; <Xy for jE{T.a.er}. For the attitude or

airspeed commands, there exists a control input
sequence that satisfies the AIS constraints, such that
under this control law, the FW UA states can track the
given commands.

Remark 2 Assumption 1, which has been shown to
be sufficiently accurate for describing aircraft motion, is
widely employed in FW UA attitude control approaches
[27, 42]. During flight, disturbances affect the UA’s
performance persistently. Since excessive
disturbances may cause loss of control, it is reasonable
to assume that disturbances are bounded, as stated in

Assumption 2. Because AIS may prevent the tracking
of arbitrary commands, Assumption 3 requires that the
command be chosen such that a input exists to achieve
tracking under AIS. Therefore, Assumption 3 s
reasonable.

2.4. The Desired Attitude and Control Objective

n

The ground velocity p", which is the actual flight

direction in F", can be influenced by the attitude of the
FW UA. A waypoint is often designated to the FW UA
in most practical scenarios, such that the control
system acquires the necessary information for the
aircraft to execute atttude maneuvers and
subsequently arrives at the specified waypoint and
undertakes tasks. Represent the desired ballistic frame
as F‘ and denote the waypoint sequence as
pi=Ipi),....pi(HER*, where i denotes the
number of waypoints. For the purpose of regulating the

flight direction, the desired attitude for F*
parameterized by a unit quaternion, inspired by [7], is

defined as ¢, =col(q,,.q,,) Where qmi:cos(g),

73 1 p 84[ ) En G(Ed )6}1
G = tsin(), = arccos , = )y
' 2 g (||€d| En ] ||6(£d)8,,

pi(k)-p'][,0,0), and &, = pi(k)-p" with pi(k)

being the k th waypoint. It follows that the x-axis of F*
always coincides with the vector ¢,. Then, by using

q,., the attitude tracking error can be defined by

g, =col(‘

q,=q, 0q, =col(q,,.q,), Whose dynamic equations
are given by

. 1 . Jw. .
4, == A(g)w,(@,),0, =—=d’, (7)
2 a nb
where Ag,) =17, :9.,1,+6(@,)],

Gz = Gy © Gy =C0L(q,150-5) » 9upo = COS(HnB /2) ,

q.p=t,sn0,,/2),

b .
0 :acos[ v’ -col(1,0,0) ]

Hv" -col(1 ,0,0)”
_ 6(v")col(1,0,0)
" 6 (v")col(1,0,0)|’

b b .
V; =Rnpn ,

0, =Rg, (0,0, ,0,)-Rijw;, +o0, =0+ f, is a function

B B_.d B H
Of wx ’ f;/ = Rb (pw (w,\ ’wM ’wm ) - Rdwnd + bi - wx IS a
|| with &, being

a positive constant, !, represents the desired angular

nonlinear function that satisfies ¢, 2’

velocity expressed in the frame F?, and w;, denotes

the angular velocity of the ballistic frame F® with
respect to the body frame F”, expressed in F*.
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Control Objective. The control objective is to
achieve the waypoint tracking mission for the FW UA

by aligning the ballistic frame F” with the desired

frame F¢ via a FINT attitude control technique.
Consequently, the UA can reach the designated
waypoints under multiple constraints and thereby
enabling the performing of various tasks such as target
detection, object tracking, and aerial photography.

Remark 3 The attitude error defined in this study
characterizes the difference between the desired frame

F‘ and the ballistic frame F*®. Distinct from
conventional attitude error definitions based on the
bodya€“desired frame difference (e.g., [16, 18, 27]), the
stabilizing of the proposed attitude error g, aligns the

ground velocity with the active waypoint direction,
resulting in a larger velocity component along the
bodya€“target axis and thus enhancing both the speed
and accuracy of waypoint tracking.

2.5. The First-Order AIS Model

A FW UA commonly suffers from the input
nonlinearities including asymmetric/symmetric AIS.
Control effectiveness can be fiercely decreased if the
AIS constraint is not countered when designing a
control algorithm. In this section, we address the issue
of AlS applied to the inputs of both subsystems.

The first-order AlS model inspired by the works [34]
is designed as

. +
xX=06L-y, (X—%) X0V E > Xju)

where x =col(y,,x,) is the output of the AIS model,
U =col(u, ,u,)=col(u, u,.u,u)ER" being the model
input, Ko =COU X Xoams Xooms Xom) and
Kot =COL(Xmng s Xoans » Xows - Xow ) - ThE matrix & is defined as
& =diag{®,,6!}, where & =col(®,,6,6,), and &

(j=T,a,er) is given by
4

G == X)X~ X))
J ( XjM_ ij)z j J J M
X EXjm-X), then &, €(0,1). The matrix y, is

deﬂned by yu =diag{yuT ’Vua ’yue ’yur} =diag {’yT "yT ’yr ’yt}
with y, and y, both being sufficiently small constants.

Clearly, if

Theorem 1 Consider the first-order AIS model (8). If
the input u; of model (8) remains bounded for >0,

X,0)E(x,,-xm)  then the model output x, can be

restricted to satisfy the AIS constraint, i.e.,
Aim <X; < X,'M(j =T,a,er).

Proof. See 6.

Remark 4 Unlike the input saturation model
presented in [34], which captures only the symmetric
saturation property of the actuation components, the
proposed smooth AIS model characterizes both
symmetric and  asymmetric  input  saturation
nonlinearities. This feature enables control design for
various types of practical input-saturated systems even
if they are exposed to AIS fault, thereby improving the
applicability in engineering practice of the designed AIS
model.

By implementing the designed AlS model (8), it can
be guaranteed that the designed inputs for the FW UA
follow the AIS constraints. Before proceeding with the
control design, the problem of velocity constraints must
first be addressed.

2,6. The Nonlinear
Constraint-Free System

Mapping Function and

Due to structural strength limitations of the airframe
materials (e.g., wing bending-torsion deformation limits)
and safety requirements of flight missions (e.g., aerial
photography stability or payload protection), the body
angular velocity of the UA must satisfy a certain limit. In
this paper, it is assumed that the body angular velocity
of the UA is subject to symmetric magnitude constraint.
The angular velocity constraint is subsequently handled
using an NMF formed as

— -l b R
W5 =P (w"b(] )@y ’w_im)

. w.,, +. .
=11n| M M bjm. _ M , (8)
wjm ij _wnb(]) wjm
b oy
wnb (]) = (pm(wxj’ij ’wjm)
@i —0y
O @ (e —¢ :
= b J=1’2’3’ (9)

~xj “xj
wye T +w,e

where o, =col(w, 0,0 ,)ER’ is the unconstrained

variable obtained after the nonlinear transformation of

o’ , @,() denotes the transformation function, the

vector !, can be expressed as

w:b = (pw (w,x ) =C01((;0u) (wxl )’(pw (wxz )7(pw (wx’i )) 4

and the lower and upper bounds of angular velocity are
given by
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wm =cal(wlm ’w2m ’w3m) =C()l(pm ’qm ’rm) € R3+’
w,, =col(w,,, @, ,,,0,,) =col(p,,.q,, T, ) ER™,

with all elements being positive constants. Then, taking
the time derivative of w, yields

_ Jw b

X
nb

x

aw

nb

- (f;" IS (@), + 3T, B)

nb
~J D0, + Y By, +1d,) (10)
ow,, Bw 0w
L =i ,—= 11
aw,,,, tag1 ap aq or ’ (1)
dw,; 1 Wy +©,, 50 (12)

30)5,,(]) 2(w/,,z+wn,,(J))(w,M @}, (/)

It can be observed that as long as the transformed
angular velocities w,,, w,, and w_ remain bounded,

the terms 00,y , 00,5 , and 00,5 are all strictly positive

ap aq ar
and its intuitive that «’, does not violate the constraint
conditions.

Remark 5 By applying the proposed AlS model (8)
and the NMF (9) to the FW UA system given by (5),
one deduces

pn =szb
bT
=Y (Lo, R{;f; +Rf")+d,
a m
Xr =Gpup —y; (XT — X ;— er)

i 1
4, = Eqnb Ocol(0,p, (0, ,0,,,0,,))

00 56 (@, Ity + 3 (. B)

. =
ow,,

~J'Dw), + Iy, +J7d,)

_XTM+X1m 13
Ko+t (13)

Xr = 61:“1 e (XT

By designing a FINT attitude control law for the
unconstrained system (13), the desired attitude of the

FW UA can be realized in a finite time with the
considered mixed-constraints being agreed.

3. MAIN RESULTS

In this section, on the basis of the referenced
airspeed and attitude command g¢,,, the FINT airspeed

and attitude control algorithm for the FW UA under
multiple constraints is derived by virtue of the designed
AIS model, an introduced FINT disturbance observer,
the backstepping technique, and the FINT control
method.

3.1. The FINT Airspeed Control Law

The airspeed needs to track the prescribed
command V, € (V,.,V,) during flight and hence avoids

introducing additional control requirements for
stabilizing attitude error. To this effect, a control law for
the translational subsystem is designed in the sequel.

Step 1: Design of a virtual controller for y, .

Define the airspeed tracking error ¢, =V -V, and
e = Xr — X » Where yx,, is the virtual controller for y, .

The dynamic equation for e, is given by

bT
1%

u
b, =+ L (R + R+ 14
eV mV XT V (m wha ) fV ( )

a a

where f, =d, -V, is the lumped nonlinear uncertainty
that satisfies sup,_ {f,}=C,, with {, being a positive
constant.

candidate
év - Cv

Taking the time

Consider the
12+ Mva where A, >0 and &, =

Lyapunov
WV

with CV belng the estimate of (.
derivative of W, yields

bT

Wome e LR R )1 E (15)

a a

The virtual controller x,, can now be designed as

wra

mVa( v”(
Vv

a

R2 £ +Rbf")
m
~(kye, +k, sigM (e, . Ty)+,)) (16)

ks eV CV
L

y, =&, tanh( (17)
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A 1
y=—le | v 18
a M )‘1/1C (18)

where v, is a robust term, ¢>0 is a small constant,

¢, is the adaptive law, I', €(0.1), k, >0, and A,, >0
is positive constant to be chosen.

Considering Lemma 3, Lemma 4, Lemma 5, and the
inequality

_)‘vzévgv = _)\vziv (5‘/ + Cv)

y A
At

-~ 2 1 L/ 1 11

A
T

Ay a1 Sy lan Ay
<fvgry - A (=01 - —2va — 19
2 gV+2/<)L”( ) 2k 22 &~ 2- 2/<CV (19)

with &=L

€(0,1) representing some positive

constant, substitution of (16) into (15) yields

bT

5 u u v, 1 w N ~A
W, =—ee,+e, | — Xy + ( Rif“ +Rnfa )"'fv +}‘1/1CC
mV, mV, V. \m

a

a

= L;/ eyer — kve‘z, —kye,sigM (e, . I,)- evév tanh (%J

+év le, l_)“vzé\i +}‘vzévgv

u 2 . T 1+ 2
s——eye; —kye, —k,e,sig (e, )+k,0 °+1+A,,0,

a

+h(1-1)15-ih—g2’

2k 2k 272

u 2 . T, Z)L’V
=s——eye, —k,e. —k,e, sig (e M, 1

mVaVT vey —kye, sig %(e,) 2-2k)A,, 2 )‘ng

Ay ( )

vin

u H—I‘0
s—-oee; —c,W, —¢,,W,* +4, (20)

a

where ¢,, =min { 2y } cv2=min{ - Ay, }
- 2k)7‘v1 2khy,

A, =1+2,,80+ Aw(1 l)l‘-’+k 8" and the coupled

term Lvever will be addressed in the next step.
m

a

Step 2: Design of the control law for u, .

Consider the Lyapunov function W, =%e§ . Taking

the time derivative of W, yields

WT =eér (XT _XTd)

+ .
m t Xrm )_er)

= e, (Gru -y, (XT - 2

+XTM)

=ér (MT —Ur +G5TMT —Vr (XT - Xin 2 - er)

+
SeT(MT_VT(XT_W)'FfT) (21)

where f, =-u, +&, - x,, is the lumped uncertainty. To
compensate the uncertain term f,, a FINT observer is
introduced as [34]

+ . ~
Xim + Xom )_yoyl sig rl(gT)

éT= fT+uT_yT(XT_ 5

(22)
];T = _VOZY2SigF2(éT)

where ¢, is the estimate of ¢, with the estimate error
being defined by ¢, =¢, —¢, and fT is the estimate of
fr with the estimate error being fT =fT -fr-

Lemma 6 [34] Consider the FINT disturbance
observer of the form given in (22). For any positive

constant f,,,, if the inequality HfTHszM holds, then
there exists a sufficiently large observer parameter y,
such that the estimation error vector E,, =col(é,,f,)
can converge to a sufficiently small set ||E,||<4,,
within finite time, where A, is a small constant.

Remark 6 It is noticeable that extended state
observer (ESO) and high-gain observer techniques can
both achieve convergence of estimate errors. However,
high-gain observer often introduces a trade-off between
estimation performance and chattering due to its high-
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gain property. In contrast, the ESO avoids the
chattering problem, while the FINT convergence can
not be ensured without additional design and analysis
efforts, which increases the overall system complexity.
Hence, the disturbance observer proposed in [34] is
employed in our work to compensate for the lumped
uncertainties such that the FINT convergence of the
closed-loop system is ensured without excessive
chattering.

Design the actual input for the AIS model u, as

+ -, . u
U =, (x —W}—fr ey sig (e )=, (23)

where k, >0 is a constant. Substituting (23) into (21),
one obtains

- 7 2 . T u
W, <e,f, —kye; —k,e,sig °(e,)—-——e e,

a

1 1 5 u 1+I,
= EkTei +EfT2 —kT€2 —meveT _kTWT 2

a

1+F0
< _VLeveT kW, -k, W, 2 +A, (24)

a

where Young’s inequality is utilized and A, is a

positive bounded constant satisfies A, = sup,ﬁ%fﬁ} .
T

Lemma 7 Consider the translational subsystem
defined by (6) and the AIS model (8). Suppose that
Assumptions 1-3 hold. Let the control law be (23),
where the virtual controller yx,, is defined as (16), the
FINT disturbance observer is given by (22). Provided
that W,(0) and W,(0) are bounded. The designed
control law can guarantee that the tracking error
E, =col(e,,e;) can converge to a sufficiently small
region near zero within a finite time interval with the
AlS constraint being followed.

Proof. Consider  the Lyapunov  function
W, =W, +W,, with W (0) being bounded. Taking the
time derivative of W, along (20) and (24) yields

1+ 0

W < ﬁever —k,W, -k,W,? +4,

P

a

[
-VLeveT kW, + kW, 2 +A

a

l+1"O l+1"O

<—k,W, -k,W,2 +A, —k,W, -k, W, 2 +A,

)

<-K,W, -K,W > +4 (25)

where K, =min{k,,k;} and A =A +A. . Hence, E,
can converge to the region ||E,||=4, within a finite

A
time, where A, =maxq [,
KV

and W, (0) both being bounded and W, <0 for
IE||> Az, it can

transformed signals are bounded for
completes the proof.

A, \1+Ty
- . With W, (0)
KV

be guaranteed that all the
t>0. This

Once airspeed tracking is achieved, it is more
critical to stabilize the attitude errors, thereby enabling
the UA to accomplish its assigned tasks more
effectively.

3.2. The FINT Attitude Control Law

One of the most crucial procedures for achieving
the control objective is the design of an attitude control
algorithm capable of effectively stabilising attitude error
q, defined in (7). Hence, the FINT attitude control law

is derived by using the backstepping technique in the
sequel.

Step 1: Design of a virtual controller for w, .

Define the tracking error Q, =w -w
the virtual controller for o . Consider the Lyapunov

where o, is

xc ?

. 1, &~
candidate Wq=2(l—qt,0)+5)\.qlgq2, where A, >0 and

§q=§q—gq with éq being the estimate of C . Taking
the time derivative of W, yields

5 —T
W,=q o,
= qj‘ (wX - wx - w.\/lf + wx(f + w(’)
=g, (Q,+w, +f) (26)

The virtual controller w, can now be designed as

wxc = _1IUq - kq (qe +SigM (qe ’FO )) (27)

(28)

. 3Eq
Y, =&, tanh(—“g"q" ]
L
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1 A

¢ =—1|@g-22¢ (29)
Aql a

e

A
where Y, is a robust term, ¢t >0 is a small constant, éq
is the adaptive law, I, €(0,1), k, >0, and 4,>0 is
positive constant to be chosen.

Considering Lemma 3, Lemma 4, Lemma 5, and the
inequality

s—%§q2+%§§

=2 ;+2_12kg;+2_1k(1_z)ﬁ Ly
+%§;
_%C5+ikﬂ(l—l)l'l—’—;—k%%fqz’—zi—qug (30)
with &,/ = 2F°E(0 1) representing some positive

constant, substitution of (16) into (15) yields
W,=q/Q,-kg!q,-kg. sieM @, T)+q, -3 w,+*,E,5,

1+
0 1+F0

<q/Q,-kg!q,-kK,* (2(-q,)) 2 +ko"

1
_L )L 52 +A
2-2k)A,, a Zk)d o Tat>a
1+F0
<q,Q,-c, KW, -c,W 2> +A (31)
24
where ¢, =minik K, ——2—1,
(2-2k)A,,
1+F0 )\'
cqzzmm{kql(q2 ’2]55' },
A, 14T
A =1+2,00 + k(l l)l”+kK5 o, and the

parameter K, & is given by K, =

IJ’% . The coupled

term g’ @, will be dealt with in the next step.

Step 2: Design of a virtual controller for yx, .

Define the tracking error e, = x, - x,,, where x_, is
the virtual controller for yx, . The time derivative of Q,
is

Q(’? = w)C - wxc

= 000 & (@l)Tof, + @, B)- T Dal, + TG,

nb

+J71d(l) ) - a.)X(T

= (;95)); =J'G (@ )J’, + T (0, B)-T ' D, + I ' By )+ f,
nb

(32)

where f, —awg Jd, -,

(n

is the lumped uncertainty
nb

that satisfies ||f,||<¢, with &,
constant. Consider the

W, =1or0 +1
2

being a positive
candidate

with ¢,

Lyapunov
Aw g, where & =E -¢,

being the estimate for &, and , being the estimate
error.

Design the virtual controller yx,, as

=) (~(-T"'D(w,,)Jw,, + T (. B)

-1
_ J _
-J ‘i?wﬁh)—(a;";) (7.+v,))

nb

-1

oo, ,

_(az));) (kQQe-'-k.QSlgM(‘Qg’FO))) (33)
nb
o =L, tanh(—%scwge J (34)
L

. 1 A A

- — Q _ w2 35
L (35)

wl wl

where vy, is a robust term and k, >0, A,>0,4,,>0
are all constants to be chosen.

By implementing Lemmas 3-5, the virtual controller
(33), and the inequality

- u72CmCm - (/)2 w (Cw +Cm)
)\’(02 s 2 )“wz 2

=- +—
2 S 2 S
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Dy | B2 g2y ] —(1- l)lL’ ! (1-1)11[7
2k Tk Tk 2k
shor g2
2
App a1 L1 A ~ A =5
SL +—}\. l_l ll—[ w?2 _ w2 36
2 Cw 2/( 402( ) 2k211 gw Zk—ZCw ( )
, 1+T, . -
with &,/ = €(0,1) representing some positive

constant, taking the time derivative of W,, yields
WQ = QeT (wx - d)xc)+ )\’wléwéw

<O [ 2% G+, ko @, — ko sigM (2,,T)+ fo -, |+]|RUE,

e b

)\. 2 1 L 1 )\, il 21 )L "'2
w22y ) (1=])H - —Lw2 2 Ted
) & 2k o2 (1-1) 2k 2” g“ 2k—2C“
, a(l) . T 1+F0
=Q a—}fJ Be, -Q2,q,-c, Wy —c,,Wp? +A4, (37)

nb

where ¢, =minik w,%, c,, =minsk,, Azl ,
(2-2k)A,, 2k

wl

and A, =1+4,,5> + (1 l)l" +k 60

Step 3: Design of the control law for u, .

Consider the Lyapunov candidate W, =%efe,. The

time derivative of W, is

Wr =eTT(X1 _er)

+ .
=e! (@ur -7, (x —W)—xm)
=eTT(uT -u, -6.u, _yT(XT_W)_Xw)

=ej(ur_yr(xr_w)+fr) (38)

where f, =-u_-&u, -y, is the lumped uncertainty
function which can be tackled using the following FINT
observer [34].

+ 7 | e
er#)"'ff_%yl”grl(er)

ér =u, -V (Xr - (39)

[ =—yiy,sig@,)

where ¢, is the estimate of ¢, with the estimate error
being defined by & =¢ -e, and ft is the estimate of
f. with the estimate error being f. =fr - f.. It can be

deduced from Lemma 6 that the estimate errors can
converge to |If, <4, within a finite time, where

Afr >0 is a bounded small positive constant. Then, the

control law for u, can be designed as

uI:yT(XI_er"‘XIM) f k(e +Slg o(e ))_ XJI@Q
2 ow,,
(40)
where k, is positive parameter to be chosen.
Substituting (40) into (38) yields
W, = (f -k, (e +sig (e, )) 90, = J” ‘@Q)
nb
=e'f —ke'e - krefsigro(er)—ef ;wb‘ J'6Q,
nb
at ] 0w
=—kW, -kW 2 —e —=J 'BQ + A, (41)

nh

where Young’s inequality is utilized and the term

1 == . .
A = sup,>0{ifff,} is a positive constant.

Theorem 2 Consider the 6-DOF FW UA described
by (5) with the AIS model (8) and suppose
Assumptions 1, 2, and 3 are satisfied. Let the FINT
attitude control law be given by (40), where the virtual
controllers @ and y,, are defined in (28) and (33),
and the FINT disturbance observers is given by (39).
Define the Lyapunov function as W, =W_+W,+W,_. If

W, (0), W,0), and W, (0) are bounded, then the

attitude error g, is FINT convergent with all considered

constraint conditions strictly satisfied, indicating that the
control objective can be achieved.

Proof. Using equations (31), (37), and (41), the time
derivative of W, can be obtained as

. i 1+ 1+I - i
W,<q'Q -kKW, kK> W, +4+Q 6;’; J'®e, -Q'7,
nb
ﬂ 1+F0
koW, —koW,? +A, —k,W, —k,W, 2
aw
e —=J'6Q, + A,

nb
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1+[‘0 1+I

<k, KW, -kK, > W,>

- kQWQ

1+F0 I+F0

—koWo? kW, -k, W, 2 +A,

+I,

s _CAIWA - CA2WA ? o+ AA (42)

where A, is a positive bounded constant defined as
A=A +A,+ A, , with parameters ¢, =min{k K .k, .k }

q"q’
1+F0

and c,,=min{kK,? .k,.k}. Although the parameter
K,6=1+gq,, implies that K =0 might occur at certain

instants, the FINT convergence of the attitude tracking
error can still be guaranteed for the following reasons.
Note that ¢,,=1 and g,,=-1 are two equilibria of ¢,,,

and according to the form of the Lyapunov function
W,, g, =1 is the only stable equilibrium point. This

implies that the inequality K =1+¢,,>1 holds after a
finite time interval T, . Therefore, the conditions c,, >0
and c¢,,>0 can be satisfied, and thus, according to
(42), the FINT convergence of W, is guaranteed.

Then, based on Lemma 1, provided that
T,

ia(i) 0, the stacked tracking error

CA] CAZ

E, =col(1-q,,,82,,e,) converges within finite time Z, to
14T,
the set 4, ={||E,|[| W, =max ﬂ(ﬁ) 1, meaning

Al CAZ

that the FINT attitude control can be achieved.
Moreover, the angular velocity of the UA follows the
symmetric constraints since the variable o, is bounded

throughout the attitude control process. The control
objective can be achieved and this completes the
proof.

Remark 7 Upon achieving the attitude control
objective, the x-axis of the UA’s ballistic coordinate
system— representing its direction of motion in the
inertial frame— points towards the active waypoint.
Consequently, despite the amplitude and direction of
the compound wind being unknown and not utilized
within the designed control law, the adverse effects of
wind on waypoint tracking mission can still be
counteracted.

4. NUMERICAL SIMULATION
The attitude control performance for the derived

control laws (23) and (40) is verified by means of
numerical simulation in this section. The control

objective of the FW UA is to adjust its attitude and flight
direction and hence can sequentially reach a properly
predefined series of waypoints.

The bounded disturbances applied to each

subsystem are given by
d, =0.02col(sin(2t),sin(2¢),sin(2¢)) m/ s*
d, =0.05col(sin(2t),sin(2t),sin(2¢)) Nm

The wind v, is modeled by implementing the

constant wind model and the well known 1-cos(*) gust
wind model, which has been widely used in literature
and is formed as [43, 44]

Vi =01 <t .(j),
1% mt

Vy =2 1-cos———— |, t €[¢,(j),,(j 43
> ( Coste(j)—tj(j) [£,(j).2, (D] (43)

Vw =0,t>1,(j)

where ¢ =col(t,(1),t,(2),---,t,(n)) is the moment at
which the gust begins to take effect ,
t,=col(t,(1),t,(2),--,t,(n)) is the time when the gust
ceases to exert its effect entirely, V,,,, is the maximum

n

"o 1S described by
Vitind = Vis ¥ Vg » vi =col(3,0,0) m/s is the
constant wind and v}, =col(0,V,,(¢),0) m/s is the gust
wind vector. The parameters for the wind field are set
to be V,,, =-4 m/s for t €[, (1),t,(1)] and V,,, =4 m/s

for t €[1,(2),t,(2)] s, t,=col(5,28) s, and 1, =col(15,38)
S.

of the gust amplitude. Then, v
where

The parameters associated with the FW UA
according to [41] is shown in Table 1.

The parameters related to the constraints on
velocities and inputs are -w, =w,, =col(1,1,1) rad/s,
Xrm =0.05 )7 5
Xm=n/9(j=a.er), and y, =y, =0.0001. The initial
conditons of the FW UA are set as
p"(0)=col(-100,200,130) m,

q,,(0) =col(cos ( O'stn ) ,c0l(1,0,0)sin (g)) ,

xXm =18 N, x, =x/18 rad,

o’ (0)=col(0,0,0) rad/s,  v’(0)=col(15,0,1)  m/s,
xr0)=5 N, and yx,(0)=col(0,0,0) rad. The parameters
of the control laws (23) and (40), as well as those of the
FINT disturbance observer, are set as follows. k, =0.5,
ko =8, ky=2, k, =4, k, =2, 6=0.000001, I',=0.7,
I =085, I,=07, y,=15, y,=8, and y,=12. The
waypoint sequence is given as
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Table 1: General Parameters of the UAV [41]

Notation Value Unit Notation Value Unit
m 1.9 kg o 1.29 kg!m?
R 0.32 m? b 1.2 m
c 03 m e 0.80 /
J. 0.0894 kg-m> J. 0014 kg m
gy 0.144 kg-m’ J, 0.162 kg m”
CL0 0.23 / C, 4.58 /

C, 0.13 / C, 7.95 /

Te q
) 0.23 / CDo 0.0434 /
C, 0.0135 / c, 0.0303 /
C"‘o 0.135 / C, -1.5 /
C, -1.13 / C, -50.8 /

Te q
C, -104 / b -0.04 /
C, -0.443 / C, 0.499 /

» .
C, 0.0794 / C, 0016 /
" 0.0344 / C, -0.075 /

D
C, -0.411 / C, -0.012 /
C, -0.0345 / Cy/j -0.83 /
C, 0.191 / C, 0 /

)

C, 0 /
# UA trajeciory
Tnitial position
Waypnints
= s e
B50
h 5560 (’j
e 200
a0 = 150
3807 100
a0 : 2t e
¥ 50 20/ ¥

Figure 2: Trajectory of the FW UA.
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and the active waypoint switches to the next as if
| = p'||<2 m, where pl, ER is the active waypoint.

Figures 2-4 respectively illustrate the flight trajectory
of the considered aircraft, the distance between the UA
and the active waypoint under the proposed control
algorithm, and the curve of the external wind v, , .

In Figure 2, it is shown that the prescribed
waypoints are reached sequentially by the FW UA. The
flight direction is effectively regulated during the flight
so that the second half of each flight segment toward
p., becomes almost a straight line. This demonstrates

that the attitude control objective is achieved and that
the attitude error remains close to zero. Because the
next waypoint can be activated only when

|pi=p'||<2m is satisfied, the proposed control law

guarantees that the UA approaches p!, with a

sufficiently small distance, as is shown in Figure 3a.
The designed attitude control law can accurately align
the ground velocity vector—coincident with the x -axis

of F®—toward the active waypoint. Note that ‘p;’d -p" |
temporarily increases after the second waypoint is
reached, since the component of the active waypoint
along the x-axis of F is negative. Figure 3b shows the
curve of ‘pl';(l)—p" when the attitude error is defined

as the orientation difference between frames F” and
F?. It is observed that ‘pl';(l)—p" increases after

t>7s, indicating that the UA misses the active

waypoint under external wind depicted in Figure 4. This
verifies that the influence of wind has been effectively
countered by the proposed control law, confirming the
robustness of the waypoint tracking policy.

Figures 5, 6 respectively show the trajectories of the
airspeed V , the response of V, in a wind-free

environment, the thrust x, , and thrust under wind-free
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Figure 5: Response of V, under wind & wind-free environments.

18 — 7
210'
= 14|
Z 12
= 10
c I
g 8]
g 6
© a4 I
2 =
O[ i A
0 10 20 30 40 50 60

lime (sec)

(a) Response of x7.

Figure 6: Response of o’ .

condition, with the red dashed lines presented in Figure
5, 6a indicating the respective constraints imposed on
each variable. In Figure 5a, under the action of the
control algorithm for the translational subsystem, the
airspeed tracks V,, represented by the blue dotted line,
within 10 s and after that the airspeed keeps tracking
the command V, even if the UA is experiencing drastic
attitude adjustment when the next waypoint is about to
be activated. In Figure 6a, the thrust y, reaches the
saturated zone in certain times. The thrust converges
to constants soon after p!, switches as the aircraft only

needs to hold the airspeed while approaching p!,. The

airspeed tracking is achieved within a finite time with all
the considered constraints being not violated, which
verifies the effectiveness of the AIS model for
translational subsystem and the designed airspeed
tracking control law. Figure 6b shows that the response
of x, is smoother under wind-free conditions, as there

is no wind to affect the magnitude of the airspeed
vector. It is noteworthy that the tracking performance is
not satisfactory when r &[0,20], as is shown in Figure

5a, 5b. By comparing Figures 5a and 5b, we can find

30

25

20 v

Response of airspeed V,, (m/s)

0 10 20 30 40 S0 60
I'ime (sec)

(b) Vo under no wind condition.

Response of thrust 7, (N)

10 20 30 40 50 60
I'ime (sec)

(b) x1 under wind-free condition.

that the observed tracking performance reduction for
1 €[0,20] results from the unknown wind v, , .

As for the rotational subsystem, Figures 7-9
respectively depict the response of attitude error ¢,,

angular velocity ®’,, and aerodynamic surface

deflection angles x,, with the red dashed lines

presented in Figures 8a-9a indicating the respective
constraints imposed on each variable.

Figure 7a shows that the attitude error increases
significantly at the moments around t=7s, r=17s,
and r=38s, resulting from the activation of a new
waypoint. Under the action of the input yx, , Pg P can

quickly converge to near 0 each time, so as to continue
to move to the new activated waypoint. It is foreseeable
that the angular velocity can experience violently
changing in the short period of time before and after
reaching the waypoint with the applied constraint being
followed, which is demonstrated by Figure 8a. Figure
8b shows that the angular velocity can sometimes
exceed the specified limits if the velocity constraint
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Figure 9: Response of y, .

mechanism is not applied, potentially leading to severe
accidents for the FW UA. In Figure 9a, it can be seen
that x, reaches the asymmetric saturation zone at

certain time intervals. It can be observed from Figure
9b that most of the deflections of the control surfaces
are used to compensate for disturbances rather than
for attitude tracking errors caused by wind effects.
Despite that, under the influence of the devised control
law (40), the input rapidly regulates the attitude of the
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(b) Wind-free response of x.

aircraft to force the x-axis of F” to direct toward p’,,
which is the result of g, getting quickly stabilized.

Under the action of the proposed control law (23)
and (40) for the FW UA exposed to external wind and
disturbance, the FINT attitude control mission is well
accomplished and the given waypoints are reached by
the aircraft in turn with none of the considered
constraints being violated during the flight.
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5. CONCLUSION

A waypoint tracking method and a FINT attitude
control algorithm for FW UA subject to angular velocity
constraints, AlS, and unknown wind are proposed via
the NMF and the smooth AIS model. The FINT
convergence of the attitude tracking errors is ensured
based on Lyapunov theory. With the developed control
scheme, the transformed variables are bounded and
the attitude tracking errors can reach the vicinity of the
origin, meaning that the ground velocity aligns with the
designated waypoint after a finite time without violating
any of the considered constraints. Numerical simulation
results demonstrate that the derived closed-loop
system exhibits satisfactory control performance even if
the UA suffers from mixed constraints, external
disturbances, and unknown wind. Future work will
investigate FINT attitude control for FW UA under more
demanding conditions, including constraints on input
rate and airspeed.

APPENDIX
6 Proof of Theorem 1

\unskip\nopunct. If 4 (t) remains bounded for all
t=20 and x,=x, Or x,=x,,, then it is clear that
&,=0 and

. X jm + X
X =V (X_,‘ - %) . (44)

which means x,>0 when x, =y, and x; <0 when
Xi=Xm -

For the case X € Olims X)) » define
%, =x, -2 Consider the Lyapunov function

~2 . . . . .
V, = X; - Taking the time derivative of V, yields
V, =2%,6u,-2,%;- (45)

Hence, as x,—=Xuo OF  X; =X  With
Ko € > 2m) @A x50 € (s X5n) » G5 =0, which
ensures that VX <0. This indicates that y; converges
towards the equilibrium y, =25 & (7, .x,,) - Then it
follows that, if u,(z) is bounded for all =0, p;

remains within the interval (x,,.x,,) and &,>0.

This completes the proof of Theorem 1.
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